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Abstract. We show that if a groupoid graded ring has a grading satis- 
fying a certain nondegeneracy property, then the commutant of the 
center of the principal component of the ring has the ideal intersec- 
tion property, that is it intersects nontrivially every nonzero ideal of 
the ring. Furthermore, we show that for skew groupoid algebras with 
commutative principal component, the principal component is maximal 
commutative if and only if it has the ideal intersection property. 

1. Introduction 

Let i? be a ring. By this we always mean that R is an additive group 
equipped with a multiphcation which is associative and unital. If X and Y 
are nonempty subsets of R, then XY denotes the set of all finite sums of 
elements of the form xy with x (z X and y ^Y . The identity element of R 
is denoted 1 ^ and is always assumed to be nonzero. We always assume that 
ring homomorphisms respect the multiplicative identities. By the commutant 
of a subset of a ring R, denoted Cr{S), we mean the set of elements of R 
that commute with each element of S; the commutant Cr{R) is called the 
center of R and will be denoted by Z[R). 

Suppose that R' is a subring of i?, i.e. there is an injective ring homor- 
phism R' —7- R. By abuse of notation, we will, in that case, often identify R' 
with its image in R. We say that R' has the ideal intersection property in R 

R' D I ^ {0} for each nonzero ideal / of R. An important ring theoretic 
impetus for studying the ideal intersection property is that it can be charac- 
terized by saying that any ring homomorphism — )• 5 is injective whenever 
the induced restriction i?' — )■ S* is injective (see Section |4] for details). Recall 
that if R' is commutative, then it is called a maximal commutative subring 
of R a R' = Cr{R'), i.e. R' coincides with its commutant in R. A lot of 
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work has been devoted to the investigation of the connection between maxi- 
mal commutativity and the ideal intersection property (see [2], [5], [6], [9], 
Co], m], [E] and [25]). Recently (see [20], [21], [22], [23] and [21]) such a 
connection was established for the commutant of the neutral component of 
strongly group graded rings and crystalline graded rings (see Theorem [T] and 
Theorem [2] below) . 

Let G be a group with neutral element e. Recall that R is said to be 
graded by the group G if there is a set of additive subgroups, Rs, for s € G, 
of R such that R = ^^^q Rs and RgRt ^ Rst, for s,t £ G. The subring R^ 
of R is referred to as the neutral component of i?. Let Rhe a, ring graded by 
the group G. If -R^-Ri = Rst, for G G, then i? is called strongly graded. 
For more details concerning group graded rings, see e.g. |16| . 

Theorem 1. If a strongly group graded ring has a commutative neutral com- 
ponent, then the commutant of the neutral component has the ideal intersec- 
tion property. 

For a proof of Theorem [H see |23| Theorem 4]. Recall from |17| that a 
ring R graded by the group G is called crystalline graded if for each s € G 
there is a nonzero element in Rg with the property that it freely generates 
Rs both as a left and a right i?e-module. 

Theorem 2. // a crystalline graded ring has a commutative neutral compo- 
nent, then the commutant of the neutral component has the ideal intersection 
property. 

For a proof of Theorem [21 see |23| Theorem 5]. The main purpose of this 
article is to simultaneously generalize Theorem [1] and Theorem [2] as well as 
extending the grading from groups to groupoids in the following way. 

Theorem 3. // a groupoid graded ring has a right (or left) nondegenerate 
grading, then the commutant of the center of the principal component of the 
ring has the ideal intersection property. 

For the definitions of principal component, groupoid graded rings and right 
(and left) nondegeneracy of a grading, see Definition [1] and Definition[2j For a 
proof of Theorem [3l see Section [3j In general, the ideal intersection property 
alone is of course not a sufficient condition for the principal component in a 
graded ring to be maximal commutative (see e.g. |2H Example 2.3]). The 
secondary purpose of this article is to show that this is however true for a 
large class of skew category algebras. 

Theorem 4. Suppose that R is a skew category algebra with a commutative 
principal component A and that the grading of R is defined by a category 
with finitely many objects. If A has the ideal intersection property in R, then 
A is maximal commutative in R. 

For the definition of skew category algebras, see Example [3] in Section [21 
For a proof of Theorem [H see the end of Section [3l By Theorem [3l and 
Theorem m the succeeding result follows immediately. 
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Theorem 5. Suppose that R is a skew groupoid algebra with a commutative 
principal component A and that the grading of R is defined by a groupoid 
with finitely many objects. Then A is maximal commutative in R if and only 
if A has the ideal intersection property in R. 

Note that Theorem [5] simultaneously generalizes [181 Theorem 3.4], |19| 
Corollary 6] and |19t Proposition 10]. 

2. Graded Rings 

In this section, we recall the definition of category graded rings from |13) 
(see Definition [1]) and we give some examples of such rings (see Example [1]- 
[5]). In the end of this section, we show a result (see Proposition [1]) concerning 
identity elements in category graded rings and category crossed products for 
use in Section [3j 

Suppose that G is a category. The family of objects of G is denoted ob(G); 
we will often identify an object in G with its associated identity morphism. 
The family of morphisms in G is denoted ob(G); by abuse of notation, we will 
often write s € G when we mean s S mor(G). The domain and codomain 
of a morphism s in G is denoted d{s) and c(s) respectively. We let G^^^ 
denote the collection of composable pairs of morphisms in G, i.e. all (s, t) in 
mor(G) X mor(G) satisfying d{s) = c{t). A category is called cancellable (a 
groupoid) if all its morphisms are both monomorphisms and epimorphisms 
(isomorphisms). A category is called a monoid if it only has one object. 

Definition 1. Let i? be a ring and G a category. A set of additive subgroups, 
Rs, for s S G, of i? is said to be a G-filter in R if for all s,t G, we have 
RsRt ^ Rst if {s,t) S G^^^ and RgRt = {0} otherwise. The ring R is said to 
be graded by the category G if there is a G-filter, Rs, for s € G, in such 
that R = 0^gc"^^- If ^ is graded by G and RsRt = Rst, for {s,t) G G(2), 
then R is called strongly graded. By the principal component of R we mean 
the set Rq := ©egob{G) If is a subset of R we put Xs = X f] Rs, for 
s G G; the set X is said to be homogeneous if X = YlseG-^^- A subring of 
R is said to be graded if it is homogeneous as a subset of R. 

Remark 1. We always assume that filters and gradings are defined over 
small categories, that is categories where the collection of morphisms is a 
set. 

Remark 2. Filtrations of rings, in the sense of e.g. [7], are examples of 
G-filters with G = (N,+). 

Remark 3. Groupoid graded rings have recently arisen as natural objects 
of study in Galois theory for weak Hopf algebras (see e.g. [1]). 

Category graded rings are very general mathematical objects. To give 
some flavor of this we now show some examples of such rings. 
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Example 1. Recall from [T9] that category crossed products are defined by 
first specifying a crossed system i.e. a quadruple {A, G, a, a} where A is 
the direct sum of rings A^, e € ob(G), as '■ j4^(^) — > ^c{s)) for s € G, are 
ring homomorphisms and a is a map from G^^^ to the disjoint union of the 
sets Af>, for e € ob(G), with a{s,t) € ^c(s)! for is,t) G G^'^\ satisfying the 
following five conditions: 

(1) CTe = id^e 

(2) a(s,d(s)) = U,,,) 

(3) a(c(t),t) = U,(,) 

(4) a{s,t)a{st,r) = as{a{t,r))a{s,tr) 

(5) asicrt{a))a{s,t) = a{s,t)ast{a) 

for all e G ob(G), all (s, t, r) G G^^^ and all a G A^f^^-j . Let A^o'^G denote the 
collection of formal sums X^sggOsiis, where a<j G ^c(s)) s £ G, are chosen so 
that all but finitely many of them are zero. Define addition on A xi^ G by 

(6) asUs + hsUs = y^(as + bs)us 

seG sGG sGG 

and define multiplication on A x ^ G by the bilinear extension of the relation 

(7) {asUs){btUt) = asas{bt)a{s,t)ust 

if (s, t) G G*^^-* and {asUs){btUt) = otherwise where Ug G ^c(s) ^■iid bt G ^c(f)- 
By dl]) the multiplication on A x^ G is associative. We will often identify 
A with ®eeob(G) ^eUe', this ring will be referred to as the coefficient ring of 
A x^ G. It is clear that ^ x^ G is a category graded ring and it is strongly 
graded by G if and only if each a{s, t), for (s, t) G G^^\ has a left inverse in 

Example 2. We say that yl x^ G is a twisted category algebra if each ag, 
s G G, with d{s) = c{s) equals the identity map on A^i^g-^ = Ac(s)j ™ that case 
the category crossed product is denoted ^ Xq, G. Now we consider two well 
known special cases of this construction when all the rings Ag, for e G ob(G), 
coincide with a fixed ring D. 

If G is a group, then D Xq, G coincides with the usual construction of a 
twisted group algebra. 

If n is a positive integer and we define G to be the groupoid with the n 
first positive integers as objects and as arrows all ordered pairs for 
1 ^ hj ^ n, equipped with the partial binary operation defined by letting 
{i,j){k,l) be defined and equal to precisely when j = k, then D y<aG 
is the ring of twisted square matrices over D of size n. 
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Example 3. We say that Ax^G is a skew category algebra if a{s, t) = l^^^^^ 
for all (s,t) G G^^); in that case the category crossed product is denoted 
A xi'^ G. Now we consider two well known special cases of this construction 
when all the rings A^, for e G ob(G), coincide with a fixed ring D. 

If G is a group, then D Yi" G is the usual skew group ring of G over D. 

Even in the case when Gg = id/) for all s £ G, we get interesting examples 
of algebras. Indeed, if G is a a quiver, i.e. a directed graph where loops and 
multiple arrows between two vertices are allowed, then the category crossed 
product coincides with the quiver algebra DG. If, on the other hand, G 
equals the groupoid in the end of Example [21 then the category crossed 
product coincides with the ring of 77, x n matrices over D. 

Example 4. Recall from |12| the construction of crossed product algebras 
F yi'^G defined by finite separable (not necessarily normal) field extensions 
L/K. Let N denote a normal closure of L/K and let Gal{N/K) denote 
the Galois group of N/K. Furthermore, let F denote the direct sum of the 
conjugate fields Lj, for i = 1, ... ,77; put Li = L. If 1 < i,j < n, then let 
Gij denote the set of field isomorphisms from Lj to Li . If s € Gij , then we 
indicate this by writing d{s) = j and c{s) = i. If we let G be the union of 
the Gij, for 1 < i, j < n, then G is a groupoid. For each s £ G, let Us = s. 
Suppose that a is a map G(2) ^ \Jl^^ Li with a{s,t) e Lc(,), for {s,t) G G^^) 
satisfying ^ and @ for all (s,t,r) £ G^^^ and all a G Ld(t)- If L/K 
is normal, then G = Gal{N / K) and hence F xi^ G coincides with the usual 
crossed product defined by the Galois extension L/K. 

Example 5. Suppose that X is a commutative ring and that Mn{K) denotes 
the ring of square matrices of size 77 over K. Furthermore, let eij denote the 
matrix in Mn{K) with 1 in the ij:th position and elsewhere. By an example 
of Dade [4] the decomposition R := M^{K) = Rq (B Ri, where 

Ro = Ken + Ke22 + Ke23 + Ke^2 + Kes^ 

and 

Ri = Ke2i + Kesi + Kei2 + Keis, 
is an example of a strongly Z2-graded ring which is not a group crossed 
product with this grading. In fact, since dimi^(i?o) = 5 7^ 4 = dimx(-Ri), 
it follows that R is not even crystalline graded. Inspired by this example, 
we now show that there are nontrivial strongly groupoid graded rings which 
are not, in a natural way, groupoid crossed products in the sense defined in 
Example [TJ Indeed, let G be the unique thin connected groupoid with two 
objects. Explicitly this means that the morphisms of G are e, /, s and t; 
multiplication is defined by the relations = e, = /, es = s, te = t, 
sf = s, ft = t, st = e and ts = f. Define a 13-dimensional X-subalgebra R 
of M5{K) by R = Re ® Rf ® Rs ® Rt where 

Re = Ken + Ke33 Rf = Ke22 + Kcm + Ke^^ + Ker:,4 + ^655 

Rs = Kei2 + Ke34 + ^635 Rt = Ke2i + Ke43 + Ke^s 
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A straightforward calculation shows that 

ReRe = Re, RfRf = Rf, ReRs = Rs, RtRe = Rt, RsRf = Rs, RfRt = Rt- 

Therefore R is strongly graded by G. However, since dimx{Rf) = 5 7^ 3 = 
diniK{Rt), the left i2j-module Rt can not be free on one generator. 

For use in the next section, we gather some facts concerning identity 
elements in category graded rings. 

Proposition 1. Suppose that R is a ring graded by a category G. 

(a) // G is cancellable, then Ir G Rq. In particular, the same conclusion 
holds if G is a groupoid. 

(b) If R = ^x^G is a category crossed product algebra, then R has an 
identity element if and only if G has finitely many objects; in that case 

= I]eeob(G) ^e- 

Proof, (a) Let 1/j = ^^^q Is where Ig € Rs for s € G. If t € G, then 
It = lijlf = X^ggG Islt- Since G is cancellable, this implies that l^l^ = 
whenever s € G \ ob(G). Therefore, if s € G \ ob(G), then 1^ = I^Ir = 
^^g^lglf = 0. The last part follows from the fact that groupoids are 
cancellable categories. 

(b) First we show the "if" statement. If G has finitely many objects, 
then, by equations ([2|) and ([3]) from Example [H it immediately follows that 
X]eeob(G) IS an identity element of R. Now we show the "only if" statement. 
Suppose that 1r = X^sec '^sUs for some G ^c(s) 7 s € G, satisfying = 
for all but finitely many s S G. Since Ue = IrUs = Uglji holds for all e G 
ob(G), it follows that = whenever c(s) 7^ d{s). Since Ug = UgXiiUe holds 
for all e € ob(G), it follows that = whenever s ^ ob(G) and Og = 7^ 
for all e € ob(G). Therefore ob(G) is finite and Ir = Yle^oh{G) ^e- ^ 



3. COMMUTANTS AND IDEALS 

In this section, we prove Theorem [3] and Theorem [H To this end, we first 
gather some facts concerning commutants in graded rings. 

Proposition 2. Suppose that R is a ring graded by a category G. 

(a) If X is a subset of R, then {Gr{X)s \ s € G} is a G-filter in R. 

(b) If A is a homogeneous additive subgroup of R, then 

for all s £ G. 

(c) The set Gr{Rq) is a graded subring of R with 

G (R) =1 ^R-^^d{s)), if c{s) = d{s), 

\ {rs G Rs I Rc{s)rs = TsRdis) = {0}} , otherwise. 
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(d) If 1r £ Rq, then Ci?(i?o) a graded subring of R with 

Cr{Ro}s - I otherwise. 

In particular, if G is cancellable or R is a category crossed product and 
G has finitely many objects, then the same conclusion holds. 

Proof (a) Take s,t e G. U d{s) ^ c{t), then Cjj(X),C/?(X)t C R.R^ = {0}. 
Now suppose that d{s) = c{t). Since Cr{X) is a subring of R it follows that 

CR{x)sCR{x)t = {Cr{x) n Rs){Gr{x) n Rt) c Cr{x)Gr{x) c Cr{x). 

Since R is graded it follows that 

CR{x)sCR{x)t = {Cr{x) n Rs){Cr{x) n Rt) c r.r^ c r.^. 

Therefore CR{X)sGR{X)t C Cr{X) n i?,t = C7fi(X),t. 

(b) This is a consequence of the following chain of equalities 

Cr{A), = Cr{A) nRs = CrM) = Crs(^aA = f] CrMu). 

\ueG / ueG 

(c) It is clear that Cr{Rq) 5 ®seG^R('^o)s- Now we show the re- 
versed inclusion. Take x € Gr{Ro), e E ob(G) and £ Re- Then 
"^g^QXsUe = X^sec'^e^^s- By comparing terms of the same degree, we can 
conclude that for all s € G. Since e E ob(G) and E Ae 
were arbitrarily chosen this implies that Xg E Cr{Ro)s for all s £ G. 
Now we show the second part of (c). Take e E ob(G). Suppose that 
c{s) = d{s). If d{s) / e, then Gr^Rc) = Rs- Hence, by (b), we get that 
Cr{Rq)s = fleeobCG) ^RsiRe) = CR^{Rd(s))- Now suppose that c(s) / d{s). 
If c(s) 7^ e ^ then Gr^Rc) = Rs- Therefore, by (b), we get that 
Cr{Ro)s = r\eeoh{G)'^RsiRe) = C/j^ (^c(s) ) fl Cfia (^d(s) ) ; C'r.(^c(s)) equals 
the set of E i?s such that ar^ = r^a for all a E Rc{s)- Since (i(,s) 7^ c(s), 
we get that r^ae = 0; Gr^{RcI(s)) is treated similarly. 

(d) The claim follows immediately from (c). In fact, suppose that c(s) 7^ 
d{s)- Take r<j E i?s such that iic(s)^s = {0}. Then = l/jr^ = lc(s)''s = 0. 
The last part follows from Proposition [TJ □ 

The essence of the following definition stems from the paper [3] by Cohen 
and Rowen. 

Definition 2. Let i? be a ring graded by a category G. The G-grading 
of R is said to be right nondegenerate (resp. left nondegenerate) if to each 
isomorphism s £ G and each nonzero x £ Rs, the right (resp. left) i?o-ideal 
xRg-i (resp. Rg-ix) is nonzero. 

As the following example shows, a grading which is right nondegenerate 
is not necessarily left nondegenerate, and vice versa. 
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Example 6. Let u be a symbol and put R = Rq(BRi where Rq = and 

R\ = Rqu. We define multiplication in the obvious way and put = and 
ux = 0. It is clear that i? is a Z2-graded ring and xRi ^ {0} but Rix = {0}. 
Thus, the grading is right nondegenerate, but not left nondegenerate. 

Proof of Theorem [3l We prove the contrapositive statement. Let C de- 
note the commutant of Z{Rq) in R and suppose that / is a twosided ideal 
of R with the property that I f] C = {0}. We wish to show that / = {0}. 
Take x (z I. If x € C, then by the assumption x = 0. Therefore we now 
assume that x = ^^^qXs € /, G i?s, s S G, and that x is chosen so 
that X ^ C with the set S := {s (z G \ Xg ^ 0} oi least possible cardi- 
nality A^. Seeking a contradiction, suppose that is positive. First note 
that there is e G ob(G) with IgX € / \ C. In fact, if l^x G C for all 
e G ob(G), then x = Irx = Yle£oh{G) ^(^^ ^ ^ which is a contradiction. 
Note that, by the proof of Proposition [TJa), the sum X]eeob(G) -'■e' hence 
the sum X^egob{G) ^^x, is finite. By minimality of N , we can assume that 
c{s) = e, s & S, for some fixed e G ob(G). Take t S. By the right 
(or left) nondegeneracy of the grading there is y G -R^-i with xty ^ (or 
yxt 7^ 0). By minimality of A^, we can therefore from now on assume that 
e G S and d{s) = c(s) = e for all s G S. Take d = X^jgob(G) ^/ ^ -^(^o) 
where dj G Rj, f G ob(G) and note that Z{Rq) = ©jgob(G) ^i^f)- Then 
I 3 dx-xd= J2sesT.feohiG)(d'f^'i ~ ^^d/) = Zses^a^s - Xsde- In the Re 
component of this sum we have deXg — Xede = since d^ G Z{Re). Thus, the 
summand vanishes for s = e, and hence, by minimality of A^, we get that 
dx — xd = 0. Since d G Z[Rq) was arbitrarily chosen, we get that x G C 
which is a contradiction. Therefore A^ = and hence 5 = which in turn 
implies that x = 0. Since x G / was arbitrarily chosen, we finally get that 
/ = {0}. □ 

The next two results show that Theorem [3] is a simultaneous generalization 
of Theorem [T] and Theorem [2l 

Proposition 3. The grading of any strongly groupoid graded ring is right 
(and left) nondegenerate. In particular, the same conclusion holds for the 
grading of any strongly group graded ring. 

Proof. Suppose that i? is a ring strongly graded by the groupoid G and that 
we have chosen s G G and a nonzero x G By Proposition [T]^a) it follows 
that In G Rq. Hence 7^ x = xIr = xl^(s) € xR^-iRg. Therefore the 
right i?o-ideal xRg~i is nonzero. The proof of left nondegeneracy is done 
analogously. The last part follows since a group is a groupoid. □ 

Proposition 4. Suppose that i? = A G is crossed groupoid product such 
that G has finitely many objects. If for each s G G, the element a{s,s~^) is 
not a zero divisor in ^c(s); then the standard grading of R is right (and left) 
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nondegenerate. In particular, the same conclusion holds for the standard 
gradings of crystalline graded rings. 

Proof. Take s & G and x = aus € Rs for some nonzero a G ^c(s)- By 
Proposition [U^b) it follows that 1r € Rq. Hence, since a(s, s"^) is not a zero 
divisor in ^^(s), we get that 7^ aa(s,s~^)l/j = aa{s, s~^)Uf.(^g-^ = xUg-i G 
xRg-i. Therefore, the right i2o-ideal xR^-i is nonzero. Similarly one can 
show that the left i2o-ideal R^-ix is nonzero. 

Now suppose that G is a group with identity element e. It follows from |17| 
Corollary 1.7] and the discussion preceding it that every crystalline G-graded 
ring R may be presented as A yi^G where A = R^, the maps as '■ A ^ A, 
for s £ G, are ring automorphisms and for all s,t € G the element a{s,t) is 
not a zero divisor in Rg satisfying equations ([l])-© from Example [T] (note 
that d{s) = c{t) = e since G is a group). □ 

Remark 4. (a) Even if we restrict ourselves to the group graded situation, 
there exist rings that are neither strongly graded nor crystalline graded but 
still have a grading which is right nondegenerate. In fact, let K be any 
integral domain which is not a field; take a nonzero element tt in K which 
is not a unit. Let R = Rq (B Ri be the decomposition as additive groups 
given in Example [5] but with a new multiplication defined by Cijejk = eik, 
if i = j or j = k, and eijejk = Trejfc, otherwise. Then i? is a Z2-graded 
ring with a right nondegenerate grading. Indeed, suppose that 7^ x = 
ae2i + ^631 + cei2 + dei^ G Ri for some a, b,c,dG K. If a 7^ or 6 7^ 0, then 
xRi 3 7rae22 + '?r6e32 7^ and hence xRi 7^ 0. The case when c 7^ or d 7^ 
is treated in a similar way. By the equality RiRi = ttRq it is clear that R is 
not strongly graded. By an argument similar to the one used in Example [5] 
it follows that R is not crystalline graded. 

(b) The groupoid graded ring in the end of Example [5] can, in a similar 
way, be used to construct a ring which has a right nondegenerate grading, 
but which is neither strongly graded nor a groupoid crossed product. We 
leave the details in this construction to the reader. 

Remark 5. The ideal intersection property does not hold for the commu- 
tant of the principal component in arbitrary category graded rings. In the 
following example we construct a group graded ring R, where R^ is com- 
mutative, for which Cii{Re) does not have the ideal intersection property. 
This is made possible through relation (i) below, which ensures us that the 
grading of R is not right nondegenerate nor left nondegenerate. 

Example 7. Let C[T] denote the polynomial ring in the indeterminate T. 
Choose some nonzero g € C which is not a root of unity, i.e. ^ 1 for all 
n ^'L \ {0}. Consider the automorphism a of C[T] defined by 

a:C[T]^C[T], p{T)^p{qT). 

Let R denote the algebra generated by C[T] and two symbols X and 
subject to the following relations: 
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(i) XY = and YX = 0. 

(ii) Xp{T) = (j{p{T))X for p{T) G C[r]. 

(iii) Yp{T) = a~\p{T))Y for p{T) € C[r]. 

We can endow R with a Z- gradation by putting Rq = C[T], Rn = C[r]X" for 
n > and = C[r]y~" for n < 0. Furthermore, it is clear that Rq = C[r] 
is maximal commutative in R since q is not a root of unity. It follows from 
(i) that the principal ideal I = {X) in R has trivial intersection with Rq and 
hence Rq = Cr{Ro) does not have the ideal intersection property. 

Proof of Theorem |4l We show the contrapositive statement. Suppose 
that A is not maximal commutative in ^ x'^ G. Then, by Proposition [2]^d), 
there exists some e € ob(G), some s € G \ ob(G), with d{s) = c(s) = e, 
and some nonzero a & Ag, such that aug commutes with all of A. Let I 
be the nonzero ideal in A x'^ G generated by the element aUe — aUg and 
define the homomorphism of abelian groups (p : A yi'^ G A hy the additive 
extension of the relation ip{xut) = x, for t G G and x G Ac(i)- We claim that 
/ C ker((/9). If we assume that the claim holds, then, since (p\yi = id^, it 
follows that An I = (p\a_{A H I) C (p{I) = {0}. Now we show the claim. By 
the definition of / it follows that it is enough to show that (p maps elements of 
the form xUr{aUe — aUs)yut to zero, where x G ^c(r)) U G ^c(t) ^-iid r,t G 
satisfy d{r) = e = c{t). However, since aUg commutes with all of A, we 
get that xur{aue — aus)yut = xur{ayut — ayUsUt) = xur{ayut — ayugt) = 
xar{ay)urt — xar{ay)urst which, obviously, is mapped to zero by ip. □ 

4. Applications: Injectivity of ring morphisms 

The ideal intersection property is characterized by the following important 
proposition, whose proof is easy and therefore omitted. 

Proposition 5. Let R' be a subring of a ring R such that R' has the ideal 
intersection property, then for any ring S and any ring morphism ip : R ^ S, 
the following assertions are equivalent: 

(i) ip : R ^ S is injective. 

(ii) Vj|_R': R' ^ S is injective. (The restriction of ip to R' .) 

Conversely, if R' is a subring of a ring R such that for any ring S and any 
ring morphism ip : R ^ S, properties (i) and (ii) above are equivalent, then 
R' has the ideal intersection property. 

We now obtain the following results as corollaries to Theorem [3] respec- 
tively Theorem [5j 

Corollary 1. // the grading of a groupoid graded ring R = ^g^Q Rg is right 
( or left ) nondegenerate, then for any ring S and any ring morphism ip : R ^ 
S, the following assertions are equivalent (where Rq = ©eeob(G) ^e): 

(i) ip : R ^ S is injective. 

(ii) ^\cr{z{Ro))- Cr{Z{Ro)) S is injective. 
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Corollary 2. Suppose that R is a skew groupoid algebra with a commutative 
principal component A and that the grading of R is defined by a groupoid 
with finitely many objects. Then the following assertions are equivalent: 

(i) A is maximal commutative in R. 

(ii) For any ring S and any ring morphism (p : R ^ S, the following 
assertions are equivalent: 

(a) (p : R S is injective. 

(b) ip\a: a — 7- S is injective. 
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